Abstract-Quantifying complexity from experimental time series generated by nonlinear systems, including laser systems, remains a challenge. Methods that are based on entropy, such as permutation entropy (PE), have proven to be useful tools for the relative measure of time series complexity. However, the numerical value of PE is not readily linked to a specific type of dynamical output. Thus, the quest to calculate quantitatively meaningful fractal dimension values, such as the correlation dimension (CD), from experimental signals, is still important. A protocol for calculating minimum gradient values and their spread, an integral part of CD analysis, is used here. Minimum gradient values with small spread are presented as approximate CD values. Here-in we report mapping these values, derived from analyzing experimental time series, obtained from a 4-section photonic integrated circuit laser (PICL) across a large parameter space. The PICL is an integrated form of a semiconductor laser subject to controllable optical feedback system. The minimum gradient/approximate CD mapping shows it has some qualitatively different map regions in its dynamics as compared to a free-space-based equivalent system. We show that the minimum gradient values give insight into the dynamics even when approximate CD values cannot be determined. The agreement between the qualitative features of permutation entropy mapping and minimum gradient/approximate CD value mapping provides further supports for this. Regions of time series with close to periodic and quasi-periodic dynamics are identifiable using minimum gradient value maps.
I. INTRODUCTION
ONLINEAR laser systems are important examples of nonlinear systems that lend themselves to theoretical, numerical and, experimental studies. The latter are always subject to fundamental, environmental and measurement noise which is a significant complicating factor when trying to analyse complexity. This can be challenging for noise-free numerical simulation data, let alone noise affected experimental data. Determining what useful information from quantifying complexity can be derived from experimental data is one of the questions we seek to answer. Identifying signal complexity can be relevant to many applications that incorporate the nonlinear laser systems,, such as random number generators [1, 2] , secure communication systems [3] , sources of light with variable coherence length [4] and chaotic radars [5] . In recent years the availability of large bandwidth, real-time digital oscilloscopes; and the negligible cost of storage devices with capacities of several terabytes; has allowed the collection of large, high density, high resolution, time series data sets across the multiple parameter spaces that can be accessed by a given nonlinear laser system. Analysis of complexity of a time series is useful for evaluating the suitability of that operating condition of a given laser system for its proposed applications. It is also useful for testing the mathematical procedures for quantifying complexity and the nature of dynamical states from such systems.
Measures and indicators of time series complexity or structure include RMS amplitude, permutation entropy (PE) and correlation dimension (CD) maps [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The CD is particularly informative as it characterizes specific types of nonlinear dynamics [14] . A value of CD=1 is found in purely periodic or limit-cycle dynamics while CD=2 characterizes quasi-periodic data that generate a torus in the phase space. Such integer values indicate that the signal is highly structured and hence less complex than nearby non-integer values. But quasiperiodic data is more complex than periodic data. Some chaotic systems have higher and non-integer, yet finite values for the correlation dimension. This indicates that the chaotic attractor is bounded within the phase space but has a fractal structure rather than a strict geometrical form. A CD value of 4.5 indicates a more complex chaotic output than one with value 3.5. Systems dominated by noise have no inherent structure, and hence a completely filled phase space, which means that the correlation dimension is effectively infinite. Dimensional analysis measures are in general N This is the version of the article before peer review or editing, as submitted by an author to IOP Laser Physics. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI: 10.1088/1555-6611/ab27bb. 2 highly affected by noise. Although the CD is widely regarded as the fractal dimension which is least sensitive to noise, this measure has proven to have limited application to laser output power time series of modest and high complexity [6, 12, 15, 16] .
Photonic integrated devices are a practical means of using lasers with controllable delayed optical feedback in real world applications [17] [18] [19] [20] . Multi-stable and chaotic operating regimes can be identified through the optical emission of these devices, Complexity analysis can provide identification of these regions. In this work the experimental output power time series from a PICL were considered and the complexity was quantified through the calculation of the minimum gradient values. The latter can be assigned as approximate CD values when a clear scaling region of constant value, as the embedding dimension is increased, is found [16] . The results reported here show how the minimum gradient values can be used in addition to the approximate CD values in order to evaluate the properties of time series dynamics. This is a new approach to complexity analysis of experimental time series which acknowledges that information is gained about the complexity of the dynamics even when it is not possible to achieve robust dimensional results.
The 'minimum gradient detection algorithm' [16] represents an advance on the modified 'most probable dimension value' method that was used previously to estimate the CD in the parameter space of an optically injected solid state laser (OISSL) [6, 21, 22] . The improvement that this method achieves in CD mapping of the operating parameter space for the OISSL system is described in [16] . The methodology for calculation of minimum gradient/approximate CD is also described in [16] . A sequence of interim tests applied during the implementation of this algorithm to test for failure to obtain a valid approximate CD value in specific circumstances, has enabled more nuanced mapping of the CD to be achieved. We follow the same approach here and apply it for the case of the PICL system. A summarized table of the testing protocol is included in the supplementary information for reference [16] .
II. LASER SYSTEM AND TIME SERIES MEASUREMENT
The structure of the four-section PICL is described in references [18, 23] . The system consists of a 300 µm long InP/InGaAsP DFB laser, a 200 µm gain/absorption (G/A) section, a 150 µm phase section and a 10 mm passive waveguide. The external facet of the passive waveguide had a high reflectance coating applied. The sections were linked to SMA connectors by micro-strip lines and the device was fully packaged and connectorized. The optical emission of the PICL was coupled to an optical fiber via a tapered end. An automated data collection system was used to collect the output power time series measurements. In the maps presented herein, the phase section bias was set to 0 mA. The DFB injection current was stepped through the range 15-35 mA, in 0.1 mA steps. The optical feedback level from the passive waveguide section was controlled by biasing the G/A section. For gain operation, this section was biased with a current between 0-10 mA, with 0.1 mA steps. For attenuating operation of this section, a reverse bias voltage was applied, in order to attenuate the optical feedback. A reverse bias voltage from 0-2 V, in 0.1 V steps, was used. For each unique biasing condition of the PICL, the optical output was photodetected and sampled with a real time oscilloscope at 40 GSa/s. Each recorded time series included 80,000 samples. In total, 35,451 time series (represented by equal number of data points in the maps) for the gain operation and 7371 time series for the attenuating operation of the optical feedback have been elaborated. The complete time series dataset is publically available [24] . There is a range of optical feedback levels that can not be obtained for PICL operation due to a discontinuity in optical feedback when switching from forward bias to reverse bias. The PICL operates on a single longitudinal DFB laser mode across the complete parameter space studied in these experiments. Thus, the nonlinear dynamical states do not induce any multi-mode operation on the scale of any of the shorter cavities that could be associated with the PICL. In prior research of the specific device, the PE [9] , time-independent PE [24] and approximate CD [16] dynamical mapping have been reported. The PE maps are important to be able to compare with the minimum gradient/approximate CD mapping reported here-in, in order to support the validity of this mapping.
III. RESULTS & DISCUSSION
In determining complexity measures, such as CD from experimental data, it is important to be very conservative in any claims of robust measurement. There is always an effective uncertainty associated with the spread of values obtained within the identified scaling region, and a claim has to be made as to what spread of values is sufficiently small to assign an average minimum gradient value as an approximate correlation dimension. This issue also arises in the analysis of noise-free, numerically simulated time series and contributes to the ongoing debate about the validity of such analyses. Some would argue that only an exact value with no uncertainty has theoretical meaning. Here-in we are demonstrating that the sequence of visual maps of the average minimum gradient values, as the uncertainty in the values is increased, do embody meaningful information about the dynamics. Fig. 1 shows the average values of the minimum gradient as a function of the PICL operating conditions, for different tolerances on the spread around the average value. These values are obtained using the protocol described in [16] . The upper section of each plot is when the forward bias current to the gain/absorber (G/A) section amplifies the light fed back from the 10 mm long passive waveguide section of the device. Optical feedback increases as the bias current to the G/A section increases. In the lower section of each plot, the G/A section has a reverse bias voltage applied and the optical feedback is attenuated as the reverse voltage increases in magnitude. Thus optical feedback increases from the bottom of the G/A section voltage axis to the top of the G/A section current axis. The plots are separated because of the optical feedback discontinuity, as discussed earlier.
The average output power of the DFB laser increases as the DFB current increases, for a given optical feedback level. When the Figure 1 . Maps of the average values of the gradient minima detected with the 'minimum gradient detection algorithm', using different values for the considered spread in minima. The total spread was set to be (a) 0.5, (b) 1, (c) 1.5 and (d) 2 of the average value. In the case of (a) the average gradient of minima values are assigned as approximate correlation dimension values. (Fig. 1(a) is reproduced from [16] where it is published under a Creative Commons Attribution (CC BY) license). Fig. 1(a) shows the average gradient minimum values which show variations from the average value by ±0.25 within the scaling region. Such values are assigned as approximate CD values. They are almost exclusively values of 3 or less. This is consistent with prior research analyzing experimental signals to extract CD values [6, 12, 15, 16] . We focus on two regions of mapped dynamics of the PIC device that show approximate CD value behavior ( Fig. 1(a) ). The first one is a region of pulse-like behavior, observed for reverse bias voltages between -0.5 V and -0.8 V, and for DFB bias current above 26 mA. Small islands of approximate CD values close to 2 occur, trending to a narrow stripe, as the DFB current increases. The mapping shows similar patterning as seen in prior PE [9] and TIPE [25] mapping. This pulse-like output is not seen in a free-space, external-cavity, semiconductor laser. Below this band of pulse-like output the laser operates in cw mode where the analysis interrogates the noise on the photodetected output power which is very large to infinite dimensional. The second region occurs for conditions where the G/A section is forward biased and the DFB bias current is below 22mA. Here the device emits regular pulse packages that are consistent with the short external cavity operation of a semiconductor laser with delayed optical feedback [26] . Minimum gradient/approximate CD analysis enables this regime to be identified using this measure.
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Figs 1(b)-(d) show the results if the constraint on the spread of the average gradient minimum value associated with each time series is relaxed. The spread is ±0.5, ±0.75 and ±1 in Fig. 1(b)-(d) , respectively. These maps show that the number of operational points included grows systematically as the constraint is relaxed. It shows also that operational points of higher average minimum gradient value appear above the stripe of pulse-like operation when the gain/absorber section is reversed biased and to the right of the regular pulse packages region for the forward biased case. Values up to and greater than 5 are captured. A spread of ±1 in the average minimum gradient value is too large to suggest it might be an approximate CD value. However, this spread is a fifth of the spread that would be observed for noise embedded up to dimension 10. It is this latter contrast, combined with comparison with PE mapping, that leads us to state this gives useful and meaningful information about the complexity of the dynamic state. The mapping of the average minimum gradient values as the spread is increased are all consistent with the systematic change in complexity that is observed in PE [9, 24] and TIPE [25] maps. Thus, one can argue that the average gradient of the minima can be used as a measure to gain insight into the dynamics. In the sequence of plots in Fig.1 one can deduce that the complexity increases systematically as the DFB bias current increases for all optical feedback levels when the G/A section is forward biased. When the G/A section is reverse biased the complexity increases as the reverse bias is reduced. In fact there is a strong suggestion that the banding of lower CD values observed in the reversed bias CD plot ( Fig.1 (a) ) sweeps into banding in the forward-biased low-DFB current region, where islands of low CD values with higher CD surrounds are observed. This insight into the dynamics has not been obtained by any of the previous analyses of the PICL time series dataset.
As has been noted, when the average value of the gradient minimum is well defined and can be regarded as an approximate CD value, this value gives dimensional information about the dynamics. Fig. 2 shows all those data points from Fig 1(a) that give: (a) approximate CD values between 0.9 and 1.1, with CD=1 representing a periodic time series; and, (b) approximate CD values between 1.9 and 2.1, with CD=2 corresponding to quasi periodic emission. After reducing the variance range of values to ±0.05 around CD 1 or 2, respectively, we maintain approximately only one third of the points observed in Fig. 2 . The output of the PICL (Fig. 2) appears to be close to a periodic solution for a small region at high optical feedback levels and DFB bias currents between 18-22 mA. However, there is not an exact, ideal limit cycle for any condition. Overlay of fig 2(b) with any of the maps in fig. 1 shows the operation is close to a quasi-periodic state for some of the operating points within the strip of the parameter space for the reverse biased gain section having pulse-like output. There are no close to periodic operating points in the strip of the parameter space giving pulse-like output. This is somewhat surprising as periodic self-pulsing caused by the effect of saturated absorption, in a region where the optical feedback can be taken to be negligible, is an expected outcome which has been observed before [27] [28] [29] [30] . Self-pulsing is achieved most practically in two and three section lasers where one of the sections is an absorber. The PICL approaches a three section device with an absorber section when the optical feedback from the passive waveguide section is negligible and the G/A section is reverse biased. The lowest approximate CD values obtained in this part of the map are in the range of 1.2-1.3. The pulse-like output then has a fundamental frequency of approximately 6.1 GHz. The FFT spectrum of a time series with approximate CD=2 was found to have two incommensurate fundamental frequencies and associated harmonics (3.20, 6 .41, 9.6 GHz; and 5.90, 11.80 GHz). The phase portrait contained two limit cycles. This is consistent with the expected form of a time series with CD=2.
A small number of the recorded time series had approximate CD values close to 3, explained by two distinct considerations. Firstly, the fundamental frequency of the sinusoidal oscillation changed over short timescales of approximately 10 ns. This indicates dynamics of unstable periodic orbits. The phase portrait contained three distinguishable limit cycles and the FFT spectrum showed sets of harmonics with three incommensurate fundamental frequencies (3.21, 6.33, 9.64 GHz; 5.96, 11.87 GHz; and 9.06 GHz). Secondly, the emission switched between a state with approximate CD = 1.3 and a state with approximate CD = 2 on time scales shorter than the 2.50 microseconds duration of time series that was analyzed. Studies of multi-section devices with saturable absorption and optical feedback have been completed. This includes theoretical models [31] [32] [33] [34] and experiment [34] . Self-pulsing behavior due to saturated absorption has been predicted to be destabilized [32, 34] , or, stabilized [34] by optical feedback. In the current PICL investigation stable self-pulsing behavior has not been achieved, even in the circumstance that the optical feedback is negligible. This may be because the apparent end facet reflectance in the effective 3-section device created when the passive waveguide is essentially removed from the device is not high enough as compared to the values used in devices designed as 3-section laser which achieve this. The results reported here -unstable pulsing and unstable periodic orbits when the dynamics are dominated by saturable absorption -contrast with the reduced frequency jitter of pulses by optical feedback in a passively mode-locked semiconductor laser [34] . This indicates a further range of diversity is observed in an otherwise similar system. The differences in the effective coupled cavities may well be a reason for this.
When applying the analysis procedure to determine whether an average gradient minimum value that is found can be considered an approximate CD value, the nature of how failure to obtain an approximate CD value occurs also gives information about the system dynamics. This is discussed for the PICL system and two other nonlinear laser systems in [16] . Having shown here (Fig. 1 ) that relaxing the constraint on the spread of values around the average value of the gradient minimum provides further insight into the dynamics, it is useful to also map the spread of the minimum gradient values found for all the operating
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points in the parameter space. This map is shown in Fig. 3 . The operating points which generated approximate CD values, with uncertainty of ±0.25, are colored black to dark blue (0 -0.5) in the map. The systematic increase in the spread of gradient minima values around the average is correlated strongly with an increasing average value previously reported [16] . With appropriate setting of the color scale these two maps appear the same. Fig. 3 shows the cw regions of the parameter space for the lowest optical feedback values (bottom region of the reverse biased gain section map) as a sharp transition from spread values of 2 and less, to spread values of 3-4. The "fingers" with spread values of 3-4 that appear in the parameter space at the top left corner of Fig. 3 areattributed to the dynamical output switching between cw and pulse-like output over time. The right side of the parameter space,, above the strip of low spread values associated with pulse-like output, has spread values in the range 2.5 to greater than 6. This region is also the region of the PICL dynamics that is mapped as failing test 2 of the analysis procedure [16] . This means that any potential scaling region identified at lower embedding dimensions occurs at a smaller hypersphere radius than any potential scaling region identified at higher embedding dimensions. It is indicative of dynamics that require a higher embedding dimension to be able to extract an approximate correlation dimension. It represents dynamics of higher CD than cannot be extracted due to the limitations of the computational approach, usually when CD>5. Fig. 4 maps the region that failed test 2 in addition to the approximate CD values from Fig. 1(a) . Cases of noise from a cw laser signal are clearly differentiated from the high complexity states in this system, primarily because they have a comparatively low RMS amplitude. This is the version of the article before peer review or editing, as submitted by an author to IOP Laser Physics. IOP Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any version derived from it. The Version of Record is available online at DOI: 10.1088/1555-6611/ab27bb.
6 Figure 4 . Analysis of the PIC laser using the minimum gradient detection algorithm showing robust CD results and the data points for time series which fail test 2 which are assigned a CD >= 5 (non-robust). The embedding of 10 dimensions, combined with the maximum hypersphere radius enclosing points were too small to reveal a scaling region in the gradient plots for these latter points.
Overall, the final evaluation of the minimum gradient/approximate CD mapping supports two main arguments. Firstly, the recorded dynamics from the PICL are analogous to those of a highly complex, bulk semiconductor laser with optical feedback system when the G/A section is forward biased and the DFB current is of order 30 mA or more. This is the high complexity, minimum gradient/approximate CD greater than 5 region. This is identified as the region in which the system should be operated to produce the highly chaotic output, as required, for example, for secure communication and random number generation applications. Secondly, it is hypothesized that the region of low complexity dynamics (approximate CD values 1-3) which manifest as an interrupted stripe starting at high DFB injection current at a reverse bias voltages on the G/A feedback-levelcontrol section around -0.65 V, and sweeping up at DFB currents below 22 mA as a band through the full range of currents (0-10 mA) to the G/A feedback-level-control section, is associated with the effect of saturable absorption as modified by optical feedback. This sweep is best visualized in Fig. 1(d) .
When the gain/absorber section is forward biased, the systematic evolution of a high dimensional, complex output from a lower complexity dynamical state, as the DFB injection current is increased, is solid evidence that this high complexity state is not related to amplified, fundamental and technical noise.
Theoretical modelling using the Lang-Kobayashi model with the addition of nonlinear loss due to saturated absorption [32] , has shown that a self-pulsing output evolves to a chaotic type output when delayed optical feedback starts to dominate over saturated absorption. The PICL experiment studies optical feedback levels that are well beyond the weak feedback limit of the Lang Kobayashi model. Thus, we commend that research on the theory of the PICL and similar devices must include saturated absorption and be valid for stronger optical feedback to further explore the relationship between the appearance of self-pulsing, regular pulse packages, and chaotic output, in the presence of saturated absorption and delayed optical feedback. Saturated absorption is a variable that can differ in different single stripe lasers. Thus, this work also suggests that saturated absorption should be considered as a potential cause of differences in dynamics in bulk semiconductor laser with optical feedback systems as well.
IV. CONCLUSION
Average minimum gradient / approximate CD value analysis has been shown to be a useful tool in dynamical mapping through new insights into its technicalities and limitations. It emerges as a tool that can be used independently or alongside those already in standard use. The analysis presented here was applied on the dynamical output of a 4-section photonic integrated circuit laser (PICL), originally designed to deliver highly complex, chaotic outputs for applications such as secure communications. The full parameter space region in which this type of dynamic is achieved by the device has been clearly mapped in the study here. The PICL can also deliver less complex outputs in a substantial part of the available parameter space. The identification of close to periodic and close to quasi-periodic dynamics using approximate CD analysis has been achieved. That a single integrated device can produce different dynamical states within the parameter space is noteworthy and it raises the prospect that multi-section devices can be designed to achieve high fidelity outputs of different complexity. Pulsed and chaotic operation can be contemplated from a single device.
Measurement of the average minimum gradient values and approximate correlation dimension (CD) of the PICL output time series is complementary to permutation entropy mapping and gives meaningful, quantitative information on the type of dynamics obtained and the regions of the dynamical map in which they occur. In a mapping context as described here-in, the average minimum gradient values with their uncertainty and spread provide information about the increasing complexity of the dynamical output without a robust estimation of the obtained approximate CD values being necessary.
Approximate CD values of ~3 are obtained when periodic and quasi-periodic structures co-exist. Quantitative connections with output power time series, phase portraits and fast Fourier transforms (FFT) of the time series confirm that information for the whole of the minimum gradient value/ approximate CD map is useful without having to graph and view the individual time series etc. Mapping the average minimum gradient / approximate CD values is the most efficient way to practically identify the different dynamical states giving the most information.
